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Abstract
We present and estimate a continuous time term structure model that incorporates both
observable economic variables (output gap and inﬂation) and latent variables. In contrast
to extant models (such as Ang and Piazzesi (2001)), each of our latent factors has a
clear macroeconomic interpretation, representing the real interest rate and the stochastic
central tendencies of output gap and inﬂation, respectively. The main motivation to
estimate such a model is the desire to identify the driving factors behind the yield curve
in terms of meaningful factors.We use this model to estimate real interest rate policy rules
using information contained in both macroeconomic variables (i.e. output and inﬂation)
a n di nt h et e r ms t r u c t u r eo fi n t e r e s tr a t e s .
Application of the model to the U.S. economy shows that the model is able to describe
the macroeconomic dynamics accurately and that the standard interest rate policy rule (in
observable factors only) is not valid within this framework. Observable macroeconomic
variables do not explain the long end of the term structure. Stochastic central tendencies
of these macroeconomic variables do a much better job in this respect. We also ﬁnd
that both observable and non-observable factors determine the risk premia and hence the
excess holding returns of the bonds.
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Standard multi-factor term structure models identify the determinants of the term structure
of interest rate in terms of a small number of state variables or factors. According to their
eﬀect on the yield curve, these are typically labeled “level”, “slope” and “curvature” factors.
This approach, however, does not bring us any further in understanding the macroeconomic
driving forces behind the yield curve. An opposite approach to this fully latent set-up consists
in estimating a general equilibrium model that links the term structure to exogenous economic
factors (see, for instance, Bakshi and Chen (1996), Berardi (2001), Buraschi and Jiltsov
(2001), and Wu (2000)). This approach has the advantage that the factors have a clear and
unambiguous meaning in terms of economic aggregates. Nevertheless, it may be too early
to impose all the required cross-sectional restrictions on the data within this framework.
Recently, a tractable intermediate route for identifying the driving forces behind the term
structure in terms of macroeconomic variables emerged (see Ang and Piazzesi (2002), Piazzesi
(2001) and Fleming and Remolona (2001)). In this approach, only the necessary no-arbitrage
conditions are imposed on a discrete time vector autoregressive (VAR) system containing
both observable and latent factors. As such, the need to fully specify the structure of the
economy is avoided, while the driving factors behind the term structure can be interpreted in
terms of macroeconomic aggregates.
T h em a i nc o n t r i b u t i o no ft h i sp a p e ri st or e c a s tt h ea b o v em e n t i o n e dV A Rm o d e l si na
continuous time framework that allows for an unambiguous interpretation of the latent fac-
tors. More speciﬁcally, the model is constructed such that one latent factor represents the
real interest rate, while the other two represent central tendencies, i.e. long-run expectations
of the observable macro factors. Throughout the paper, we refer to these factors as unob-
servable macroeconomic factors. As shown by Kozicki and Tinsley (2001), modeling long-run
expectations (“endpoints” in their terminology) is crucial for ﬁtting the longer end of the
yield curve.
A second contribution to the literature is the estimation of interest rate policy rules based
on information contained in the entire term structure, and not only in the short-term interest
rate. Given the importance of long-term interest rates for the state of the economy, and hence
for central bank behavior, a focus on the short end of the the term structure seems restrictive
and might be misleading. In the approach of Ang and Piazzesi (2002) and Wu (2000), it has
become standard to assume a direct link between monetary policy and this short rate in the
form of an interest rate policy rule. If monetary authorities follow some type of interest rate
policy rule known by the market, then the entire term structure of interest rates is derived
from the dynamics of the variables entering the policy rule together with the assumed risk
attitude of agents (in the absence of arbitrage and assuming complete markets). Over the
past ten years, standard interest rate policy rules have been studied extensively with mixed
2results. For instance, in a multi-country study Clarida, Galí and Gertler (1998) ﬁnd mixed
evidence for the existence of a Taylor rule. The Taylor rule seems to be successful in replicating
the dynamics of the short end of the yield curve, especially after 1980. Nevertheless, in a
preliminary study also presented in this paper, we show that the standard Taylor rule fails in
modeling the dynamics at the long end of the yield curve. This suggests that possible crucial
factors modeling the dynamics of the longer end of the yield curve are left out in this standard
Taylor rule (see also Kozicki and Tinsley (2001)). Although in this exercise we applied the
standard Vasicek restrictions for the dynamics of the factors, we allowed for time-varying risk
premia along the lines of Duﬀee (2002) and Dai and Singleton (2002). Therefore, the misﬁta t
the long end is not due to the market price of risk speciﬁc a t i o n .I nt h i sp a p e r ,w eg i v em o r e
ﬂexibility to the interest rate policy rule, deﬁning it in terms of observable and unobservable
macroeconomic factors. The inclusion of unobservable factors proves to have a signiﬁcant
impact on the policy rule.
The remainder of the paper is organized as follows. In Section 2, we discuss the macroeco-
nomic model. This model consists of a VAR dynamics in terms of both the observable factors
(output gap and inﬂation) and the latent factors (real interest rate and central tendencies
of output gap and inﬂaion). We also specify the mentioned interest rate policy rule. Subse-
quently, we derive the bond price determination by stating the continuous time macro model
in discrete time state space form. Section 3 deals with the empirical implementation of the
model. The estimation results are presented in Section 4. In this section, we also perform a
variance decomposition analysis in order to measure the importance of macroeconomic shocks
in the variability of the yield curve. We end the section with an evaluation of the forecasting
performance of the model. We present conclusions in Section 5 by summarizing the main
ﬁndings and pointing out some issues for future research.
2 The model
In this section, we ﬁrst set out the assumptions concerning the macroeconomic framework
adopted in this paper and the monetary policy rule implemented by the monetary authority.
The model is part of the class of aﬃne term structure models (ATSM)1. It is also well-suited
for analyzing the implications of observable macroeconomic aggregates for the term structure
of interest rates. We then rewrite the model in a general state space representation and, ﬁnally,
we analyze the implications of the dynamics of observable and unobservable macroeconomic
factors for the term structure of interest rates.
1See Dai and Singleton (2000, 2002) and Duﬃe and Kan (1996) for a characterization of this type of models.
32.1 Dynamics of observable and unobservable macroeconomic factors
We start by presenting a stylized continuous time model for the dynamics of macroeconomic
aggregates, i.e. the output gap y(t) and inﬂation π(t). In order to ease the empirical
implementation of the model, we assume from the start that backward-looking models are
good approximations of reality. The macroeconomic model is then built by the assumptions
imposed on its dynamics:
dy(t)=[ κyy(y∗ (t) − y(t)) + κyπ (π∗ (t) − π(t)) + κyρ (ρ∗ (t) − ρ(t))]dt + σydWy (t),
dπ(t)=[ κπy (y∗ (t) − y(t)) + κππ (π∗ (t) − π(t)) + κπρ(ρ∗ (t) − ρ(t))]dt + σπdWπ (t),
dy∗ (t)=κy∗y∗ (θy∗ − y∗ (t))dt + σy∗dWy∗ (t),
dπ∗ (t)=κπ∗π∗ (θπ∗ − π∗ (t))dt + σπ∗dWπ∗ (t).
(1)
where Wi (t),i= {y, π,y ∗, π∗}, denote independent Wiener processes deﬁned on the probabil-
ity space (Ω,F,P) with ﬁltration Ft. As such, we can interpret the shocks dW(t) as structural
shocks in output gap, inﬂation, long-run output gap, and long-run inﬂation, respectively. The
dynamics of the system are basically modeled in terms of latent central tendencies (y∗and
π∗) and in terms of deviations from these central tendencies, e.g. (y∗ (t) − y(t)). Formally,
we only allow deviations from the central tendencies to determine the short-run dynamics of
the respective macroeconomic variables. In this way, we actually ensure that the exogenous
central tendency variables will act as long-run attractors in this system.2 The model is closed
with the following deﬁnition for the instantaneous interest rate r(t):
r(t) ≡ π(t)+ρ(t). (2)
We implicitly assume that the monetary authority uses a feedback rule for the real interest
rate. More speciﬁcally, we assume that changes in the real interest rate ρ are a response to
deviations of the output gap or inﬂation from their central tendencies and to a mean reverting
(real interest rate smoothing) component relative to a stochastic long-run mean ρ∗ (t):
dρ(t)=( κρy (y∗ (t) − y(t)) + κρπ (π∗ (t) − π(t)) + κρρ(ρ∗ (t) − ρ(t)))dt + σρdWρ (t),
ρ∗ (t)=γ0 + γyy(t)+γππ(t)+γy∗y∗ (t)+γπ∗π∗ (t).
(3)
2Note that these long-run central tendencies can only serve as long-run attractors if the dynamics are stable.
In the estimation of the system, we impose stability of the factors and thus the long-run attracting property
of the exogenous central tendencies.
4Note that the above equations deﬁne a central bank policy rule in terms of the real interest
rate dynamics. This policy rule can be decomposed into a long-run policy rule for the real
interest rate, captured by the stochastic process ρ∗ (t). We allow this long-run rule to be
dependent on both observed macro-economic series as well as their central tendencies.
The dynamics conform well to the standard macroeconomic view. More speciﬁcally, we
allow each of the observable economic variables, output gap and inﬂation, to be aﬀected
through three channels: the instantaneous real interest rate (ρ), the other economic variables
(output gap or inﬂation) and, ﬁnally, a mean reverting component modeling the possible
inertia in the adjustment process. Central tendencies of output and inﬂa t i o na r ea s s u m e dt o
be exogenous and independent processes.
The adoption of a Gaussian (Vasicek (1977)) type of model reﬂects our intention to oﬀer
complete ﬂexibility with respect to the magnitudes and sizes of the conditional and uncondi-
tional correlations among the factors. This speciﬁcation fulﬁlls the admissibility conditions
speciﬁed in Dai and Singleton (2000). The costs associated with this choice are twofold: the
lack of ﬂexibility in ﬁtting the interest rate volatility since we assume constant conditional
variances for the factors; and the possibility of negative interest rates.
The above representation of the dynamics of the economy can be restated in matrix
notation. Denoting n as the number of factors in the model (ﬁve in our case), we deﬁne the
vectors of n factors and shocks and the n x n diagonal matrix S as:
f (t) ≡


























The dynamics of the economy can, therefore, be restated as follows:




    

κyy − κyργy κyπ − κyργπ κyρ −κyy − κyργy∗ −κyπ − κyργπ∗
κπy − κπργy κππ − κπργπ κπρ −κπy − κπργy∗ −κππ − κπργπ∗
κρy − κρργy κρπ − κρργπ κρρ −κρy − κρργy∗ −κρπ − κρργπ∗
00 0 κy∗y∗ 0
00 0 0 κπ∗π∗

    

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5Note that since the matrix K is in general not diagonal, closed form equations for the con-
ditional mean and variance of the factors are not easily obtained. These concepts are of
great importance for the empirical implementation and for forecasting the future evolution
of the state of the economy. Dewachter et al. (2001) and Fackler (2000) provide equivalent
procedures to compute the conditional mean and variance of the factors.
2.2 Implications for bond markets
Equation (5) completely speciﬁes the dynamics of the macroeconomic variables and the instan-
taneous interest rate. This system must, therefore, also determine (up to some risk premium
component) the term structure of interest rates and its dynamics. Absence of arbitrage op-
portunities implies that the price at time t of a zero-coupon default-free bond maturing at















where Q denotes the risk-neutral probability measure. In general, this risk-neutral probability
is unobserved and can only be speciﬁed by assuming some speciﬁcation for the prices of
factor risk. Following Duﬀee (2002), time variability in the prices of risk can be captured
by specifying prices of risk as an aﬃne function of the factors. The vector containing the
time-varying prices of risk, ξ, is deﬁned as:
ξ(t)=SΛ + S−1Ξf(t),
where Λ ≡ (λy,λπ,λρ,λy∗λπ∗)  and Ξ a n x n matrix containing the sensitivities of the
prices of risk to the levels of the state space factors. Changing probability measures is then
performed by means of the Girsanov theorem:
dW(t)= d ˜ W(t) − ξ(t)dt, (7)
where ˜ Wi (t) constitutes a martingale under measure Q. State space dynamics can be restated
in terms of this risk-neutral metric Q as:
df (t)=˜ K
 
˜ ψ − f (t)
 
dt + Sd ˜ W(t),
˜ K = K + Ξ,







A functional form for bond prices can be obtained by assuming that bond prices are time
homogeneous functions of the factors f (t) and the time to maturity τ ≡ T − t:
6p(t,T)=p(f (t),τ)=e x p
 
−a(τ) − b(τ)
  f (t)
 
, (9)
where b(τ) is a n x 1 vector and by imposing the no-arbitrage condition in the bond markets:
DQ (p(f (t),τ)) = r(t)p(f (t),τ), (10)
where DQ denotes the Dynkin operator under the probability measure Q. The intuitive
meaning of the latter condition is that, once transformed to a risk-neutral world, instantaneous
holding returns for all bonds are equal to the instantaneous riskless interest rate. Using
Girsanov’s theorem, we can infer the implications for the real world by changing from the
risk-neutral measure, Q, to the historical one, P. Changing measures only aﬀects the drift
and, therefore, the instantaneous holding return under the historical probability measure for
ab o n dw i t hm a t u r i t yτ may be written as:
DP (p(f (t),τ))
p(f (t),τ)
= r(t) − b(τ)
 Sξ(t). (11)
Equations (9) and (10) determine the solution for the functions a(τ) and b(τ) in terms

















= b0 − ˜ K b(τ).
(12)
A particular solution to this system of ODEs is obtained by specifying a set of initial conditions
on a and b. Inspection of equation (9) immediately shows that the relevant initial conditions
are: a(0) = 0 and b(0) = 0. The vectors of constants a0 and b0 in (12) are deﬁned by the
interest rate deﬁnition equation (2) and take in the setting of this paper the values: a0 =0
and b0 =( 01100 )
 .
The bond pricing solution diﬀers in important ways from the independent-factor term
structure literature (see, for instance, de Jong (2000)). First, allowing for interrelations among
the factors (i.e. non-zero oﬀ-diagonal elements in ˜ K) generates a coupled system of ODEs
instead of a set of uncoupled ODEs. The bond pricing solution for the a and b functions,
therefore, do not reduce to the standard multi-factor result. Second, the factor loadings no
longer start from unity at maturity τ =0 . The introduction of stochastic central tendencies
makes that all these factors have zero loadings in the determination of the short rate. They
only inﬂuence the instantaneous rate indirectly by serving as a long-run (stochastic) attractor.
In our speciﬁcation, the output gap also has a factor loading for τ =0equal to zero.
73 Empirical implementation
3.1 Macroeconomic model in state space notation
We present an eﬃcient method to estimate both the state-space dynamics, including observ-
able and non-observable factors, as well as the prices of risk, implied by the term structure.
The presence of unobserved factors requires the use of some ﬁltering procedure to recover the
time series of these factors. In order to avoid ad hoc yield curve inversion procedures (Pearson
and Sun (1994), Chen and Scott (1993)), we opt for a Kalman ﬁlter algorithm3.W h i l et h e
Kalman ﬁlter estimation procedure for aﬃne models is well established in the case where all
factors are assumed to be unobserved (see de Jong (2000) and Duan and Simonato (1999)),
some issues remain to be settled once we incorporate observable macroeconomic factors into
the state space vector. First, the state vector f needs to be updated in a way that guarantees
that both the output gap and inﬂation are treated as observable factors. This issue is tackled
in the next subsection by a proper deﬁnition of the measurement equation. Second, the inclu-
sion of macroeconomic aggregates allows the possibility of imaginary eigenvalues with respect
to the spectral decomposition of the matrix K in equation (5). In this case, closed-form
solutions for the conditional means and variances of the factors are no longer available. This
point is relevant for the computation of the transition equations used in the Kalman ﬁlter
and is dealt with in a subsection below. Apart from the mentioned points, the Kalman ﬁlter
is implemented in a standard way. A detailed description of the Kalman ﬁlter algorithm can
be found in Dewachter et al. (2001).
3.1.1 Measurement equation
The model is tested on a data set containing output gap, inﬂation and yields of diﬀerent
maturities. In order to estimate the parameters of this model, it is necessary to link the
model to these variables via the measurement equation. With respect to the yield curve,
we estimate the parameters so as to ﬁt the observed yield curve as well as possible given the
observed state vector. Let ˆ y(t) denote the vector of yields observed at time t for maturities τi,
i = {1,...,m}, ˆ y(t)=( ˆ y1 (t,τ1),..., ˆ ym (t,τm))
 ,w h e r ee a c hˆ yi (t,τi) is deﬁned as ˆ yi (t,τi) ≡
−ln(p(t,τi))/τi. We use the implied one-step ahead predictions for the output gap and
inﬂation to ﬁt the macroeconomic part of the model. Bringing these elements together, we
3This Kalman ﬁlter procedure is less time consuming than other algorithms like the Eﬃcient Method of
Moments (EMM) technique. For our Gaussian model a linear Kalman ﬁlter together with exact maximum
likelihood (ML) estimation is optimal within the class of all linear estimators. Parameter estimators can be
shown to be eﬃcient and consistent (see Bollerslev and Wooldridge (1992) for a proof). There is, however, one
subtlety to be mentioned. Some of the factors are latent and based upon a linear prediction. These predicted
state variables will enter in the conditional mean imputing errors in the likelihood function. This complication,
however, does not invalidate the asymptotic properties mentioned above. Finally, Duﬀee and Stanton (2001)
advocate the use of the linear Kalman ﬁlter above the EMM and SNP auxiliary model estimation approach
(see Gallant and Tauchen (1992)).
8require the model’s parameter estimates to be optimized over the joint set of moments to be
ﬁt. That is, we deﬁne the measurement equation as:









































    

+ εt , (13)
where ei is a (n × 1) column vector of zeros with a one on the ith row, εt is a (m+2) x 1
















We can rewrite the measurement equation more concisely as:
z(t)=cz + Hf (t)+ε(t),
Et (ε(t)ε  (t)) = R,
(15)
where z(t) denotes the LHS of (13).
3.1.2 Transition equation
It is standard in the term structure literature to transform the state space such that the K
matrix in (5) becomes diagonal. This procedure yields well-known closed form solutions for
the conditional expectation and conditional covariance matrix of the transformed factors (de
Jong (2000)). Implicit in this approach is the assumption that the eigenvalues of K are all real.
While this may be a reasonable assumption in the case of latent factors, it is no longer once
macroeconomic aggregates are included in the state space4. As such, transforming the system
in terms of eigenvalues and eigenvectors, as is usually done in the latent factor literature, is no
longer innocuous and can, therefore, not be done without possible major implications for the
dynamics of the system. We refrain from doing this and opt for computing the conditional
expectation of the level and the conditional covariance matrix of the factors using a method
presented in Fackler (2000). The corresponding transition equation in the Kalman ﬁlter
procedure is equal to:
4According to Dai and Singleton (working paper version (NBER 6128) of Dai and Singleton (2000)), “the
assumption that the eigenvalues are real rules out some potentially interesting dynamics associated with
complex eigenvalues”. Beaglehole and Tenney (1991) expand the class of interest rate processes to allow more
dynamic possibilities. In particular, they present processes with decaying oscillatory behavior.







See Dewachter et al. (2001) for more details.
4 Estimation results
4.1 Data
We base our analysis on data from McCulloch and Kwon (1993) and Bliss (1997) provided
by Duﬀee (2002)5. This data set consists of month-end yields on zero-coupon U.S. Treasury
bonds with maturities of 3 and 6 months and 1, 2, 5, and 10 years. We use a quarterly
frequency in the construction of the time series in order to incorporate the output gap series.
Our data set consists, therefore, of 164 data points (1958:Q1 to 1998:Q4) for each of the series.
A proxy for the output gap is obtained by using a Hodrick-Prescott (HP) ﬁlter on the GDP
s e r i e so v e rt h es a m p l ep e r i o d . 6 Inﬂation was constructed by taking the yearly percentage
change in the CPI index, that is πt =l nCPIt − lnCPIt−4. Figure (1) depicts the series for
the output gap, inﬂation and the term structure.
Insert Figure 1
In Table 1 we give some descriptive statistics of the sample series. The average term struc-
ture series display an increasing yield curve and the observed variance of the term structure
tends to decrease with maturity. There is evidence against normality in most series in terms
of skewness and excess kurtosis (both decreasing with maturity) and in terms of a summary
Jarque-Bera statistic (corresponding p-values are reported in the table). Also, strong auto-
correlation is observed in all series over the sample period. Most interestingly, however, is the
correlation matrix showing extreme correlation among the various bonds and signiﬁcant but
more moderate correlations between bonds on the one side and output gap or inﬂa t i o no nt h e
other side. The strong correlation between bonds (decreasing with the maturity diﬀerence)
suggests the presence of a few important factors driving the yield curve. While these factors
may also be part of the set of driving processes in the output gap and in inﬂation, the lower
degree of correlation suggests that the links between these macro-aggregates and the yield
curve is signiﬁcantly smaller. The output gap and inﬂation are positively correlated with each
other.
5We thank Gregory Duﬀee for making the data available on his website.
6We use a standard “lambda” in the ﬁltering procedure equal to 1600.
10Table 1: Summary statistics for the data used (1958:Q1-1998:Q4)
yield1q yield2q yield1yr yield2yr yield5yr yield10yr y π
Mean (%) 5.975 6.230 6.450 6.689 7.010 7.210 -0.006 4.286
Std. (%) 2.779 2.811 2.785 2.712 2.602 2.543 1.633 2.894
Min (%) 0.739 0.915 1.303 1.903 2.554 2.916 -4.689 0.473
Max (%) 15.241 15.924 15.911 16.107 15.696 15.065 3.879 13.502
Auto 0.987 0.987 0.990 0.992 0.996 0.998 0.861 0.992
Skew 1.147 1.142 1.030 0.985 0.911 0.752 -0.204 1.231
(0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.287) (0.000)
Kurt 4.509 4.531 4.143 3.975 3.691 3.276 3.230 3.977
(0.000) (0.000) (0.003) (0.011) (0.071) (0.470) (0.548) (0.011)
JB 51.525 51.672 37.923 33.021 25.925 15.972 1.496 47.934




yield1yr 0.986 0.995 1.000
yield2yr 0.968 0.978 0.992 1.000
yield5yr 0.923 0.934 0.957 0.984 1.000
yield10yr 0.887 0.896 0.923 0.960 0.993 1.000
y 0.199 0.193 0.168 0.105 0.020 -0.021 1.000
π 0.728 0.729 0.714 0.682 0.640 0.623 0.083 1.000
The bond yield data are based on data from McCulloch and Kwon (1993) and Bliss (1997) provided by
Duﬀee (2002) and concern U.S. Treasury bonds with maturities of 3 and 6 months and 1, 2, 5, and 10
years. Output gap (y)a n di n ﬂation (π) data are constructed as mentioned in the text. The data series
cover the period from 1958:Q1 until 1998:Q4, totalling 164 quarterly time series observations. Mean denotes
the sample arithmetic average, expressed as p.a. percentage, Std standard deviation, Min minimum, Max
maximum, Auto the ﬁrst order quarterly autocorrelation, Skew and Kurt stand for skewness and kurtosis,
respectively, while underneath these statistics are the signiﬁcance levels at which the null of no skewness
and the null of no excess kurtosis may be rejected. JB stands for the Jarque-Bera normality test statistic
with the signiﬁcance level at which the null of normality may be rejected underneath it.
4.2 The failure of standard Taylor rules
The correlations in Table 1 suggest that the modeling of the joint behavior of the yield curve
and the output gap and inﬂation is relevant. Given the strong focus on Taylor rules in the
current literature, these rules form a natural starting point in modeling the interrelations
between the yield curve and the macroeconomy. Taylor rules are, however, only designed
to ﬁt the short-term policy rate and not necessarily the entire term structure. Dai and
Singleton (2002) show that the entire yield curve is well-described by a combination of rational
expectations of future short rates and essentially aﬃne risk premia. So, if Taylor rules do
determine the dynamics of the policy rate, yields of any maturity should be determined by
t h ed y n a m i c si m p o s e db yt h er u l ei na ne s s e n t i a l l ya ﬃne term structure model.
11To analyze the performance of Taylor rules in ﬁtting the entire yield curve, we estimate
the short-term Taylor rule on the U.S. data and then project the rule on longer maturities
(the precise procedure can be found in Ang and Piazzesi (2002)). We apply the standard
Vasicek restrictions for the dynamics of the factors, but allow for time-varying risk premia
along the lines of Duﬀee (2002) and Dai and Singleton (2002). The ﬁt of the Taylor rule
across maturities can be found in Figure 2. Inspecting this ﬁgure, it is clear that the Taylor
rule is not performing well in describing the whole term structure. The rule ﬁts relatively
well the short end of the yield curve, or up to one-year interest rates. However, going beyond
this maturity one clearly observes a signiﬁcant deterioration in the ﬁt of the yields. Similar
results have been reported by Kozicki and Tinsley (2001). The failure of standard Taylor rules
in ﬁtting yields with maturities beyond one year is attributed to the fact that some factors,
exerting most of their inﬂuence in the long run, have been excluded from the rule. In the
next subsection, we present the estimates of the model proposed in Section 2, which contains
the additional unobservable factors in the Taylor rule (in the form of central tendencies). The
addition of these two factors proves to be crucial for the ﬁtting of the long-term interest rate.
Insert Figure 2
4.3 Estimation results
This section presents the estimated model parameters. Implications for the dynamics of the
observable and unobservable macroeconomic factors are discussed in section 4.3.1. In section
4.3.2, the ﬁltered observed and unobserved macroeconomic factors are compared to the latent
factors from a standard latent setting. Finally, in section 4.3.3 we evaluate the term structure
ﬁt at both ends and decompose the risk premia in terms of the macroeconomic factors.
4.3.1 Macroeconomic dynamics
The parameter estimates can be found in Table 2.7 The model was also estimated for the
sub-periods 1958:Q1 to 1979:Q2 (pre-Volcker) and 1982:Q1 to 1998:Q4.8 Figure 3 presents
the ﬁltered time series for the ﬁve factors involved: two observable (output gap, y,a n d
inﬂation, π)a n dt h r e en o n - o b s e r v a b l e( t h er e a li n t e r e s tr a t e ,ρ, output gap and inﬂation
central tendencies, y∗ and π∗, respectively). The time series “STrule” also presented in this
ﬁgure is discussed below. Visual inspection shows that even though the central tendencies
7The full model was estimated in a single step procedure. Optimization was performed using the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) algorithm with a convergence tolerance for the gradient of the estimated
coeﬃcients equal to 0.0001. We checked the robustness of the “optimum” reported by checking convergence
from an array of starting points. Note that, given the large amount of parameters to be estimated, identiﬁcation
and checking of the optimum is a painstaking operation. During our experiments, we found this optimum to
be rather stable.
8The results are available upon request. Although the estimates for these sub-periods diﬀer somewhat from
the ones obtained for the whole sample period, the results do not depend qualitatively on the sub-period.
12are basically latent factors, they capture rather well the long-run behavior of the observable
series. Our statistical analysis conﬁrms the attracting properties of the central tendencies for
the three observable factors (see Table 2 where the ﬁrst three diagonal elements of the matrix
K are signiﬁcantly diﬀerent from zero). All the estimated interaction terms (oﬀ-diagonal
elements in K) are statistically signiﬁcant at a 5% level. The estimation results indicate
that output responds negatively to a temporary excess inﬂation (i.e. inﬂa t i o ni ne x c e s so ft h e
steady state equilibrium inﬂation rate, π∗−π < 0) while it responds positively to a temporary
excess real interest rate. Inﬂation responses are more in line with economic intuition. First, a
temporary demand shock (i.e. output in excess of the equilibrium capacity, y∗ −y<0) tends
to induce additional inﬂationary pressure while an excessively high real interest rate tends
to reduce the inﬂationary pressure. Finally, the real interest rate tends to react primarily to
inﬂation. More speciﬁcally, expectations of increasing inﬂation (i.e. π∗−π > 0) tend to result
in quite substantial increases in the real interest rate.
Insert Figure 3
The resulting ﬁt of the three macroeconomic series is presented in Figure 4. The “data”
for the real interest rate was computed based on the three-month yield and is, therefore, an
approximation of the instantaneous real interest rate. We consider the ﬁto ft h e s es e r i e sa s
satisfactory.
Insert Figure 4
Table 3 presents some additional statistics concerning the yield curve ﬁt. The average
yield curve based on the ﬁtted factors presents a good ﬁt to the empirical average yield
curve. The implied risk premia take somewhat higher values than recorded in the latent
factor literature. We ﬁnd risk premia of about two percent, increasing in the maturity and
with a slight decrease at the long end of the term structure.
We also ﬁnd that the state space dynamics are stable, i.e. real parts of the eigenvalues of
the matrix K are positive. Moreover, K has imaginary eigenvalues, indicating an oscillating
impulse response for the dynamic system.
Based on the above results, we can discuss the role and interpretation of the latent factors
in the model. As mentioned before, given the signiﬁcant positive coeﬃcients κyy, κππ and
κρρ, latent factors serve as an attractor to the observable macroeconomic series (i.e. output
gap and inﬂa t i o n ) .A ss u c h ,t h el a t e n tf a c t o r sc a nb es e e na ss o m ek i n do fl o n g - r u nf o r e c a s t
for the observable series.9
9Note that the inclusion of the latent factors thus allows us to incorporate some measure of long-run output
gap and inﬂation forecasts into the analysis. As argued by Kozicki and Tinsley (2001), includinig time-varying
long-run forecasts (endpoints) is crucial to ﬁtting the longer end of the yield curve. Interestingly, although we
13Table 2: Maximum likelihood estimates (1958:Q1-1998:Q4)
y πρ y∗ π∗
κy,· 0.9984 0.3313 -0.1677
(0.1189) (0.0899) (0.0705)
κπ,· -0.9231 0.3898 0.2454
(0.0937) (0.1039) (0.0906)










γ· -0.0395 0.0698 -0.1691 0.0395
(0.0227) (0.0234) (0.1927) (0.0167)
λ· -23.6286 -8.7690 -18.3618
(26.3733) (89.4337) (36.6943)
Ξρ,· -6.3176 12.4734 14.2254 240.4993 -20.6599
(1.5703) (2.5788) (2.3703) (86.3550) (3.8370)
σ2
· 0.000352 0.000111 0.003182 0.000003 0.000057
(0.000048) (0.000017) (0.001070) (0.000002) (0.000011)
R1q 11.9558
R2q 10.6958 9.9042
R1yr 3.7498 4.0094 2.4713
R2yr 0.0564 0.0002 0.0001 0.0441
R5yr 0.2861 0.5109 0.0001 0.6240 2.2596
R10yr 0.0963 0.0763 0.0071 0.1527 0.7036 0.0007
ML estimates with robust standard errors underneath. Only the lower diagonal of the
measurement error covariance matrix is given. These values are multiplied by 10
6. Total
loglikelihood amounts to 6994.8216 or 42.6513 on average (excluding the constant in the
loglikelihood).
14Table 3: Diagnostic statistics of the estimated model
Mean (%) rp (%)
data emp. emp.
y -0.06 -0.02 0.83




yield1q 5.97 6.13 1.82
yield2q 6.23 6.39 1.92
yield1yr 6.45 6.61 2.05
yield2yr 6.69 6.85 2.18
yield5yr 7.00 7.16 2.18
yield10yr 7.21 7.35 2.14
emp denotes the result where the ﬁltered
factor means are used, rp stands for risk
premium on an annual basis.
In order to corroborate the interpretation of the latent factors as long-run forecasts, we
compare our results with the inﬂation forecasts from the Survey of Professional Forecasters
provided by the Federal Reserve Bank of Philadelphia. Figure 5 shows the one-year ahead
inﬂation forecast from this survey compared with the ones computed from our model. Figure
6 presents the comparison of the forecasts for the average rate of inﬂation for the next 10
years. Our estimates seem to track the patterns presented in the survey forecasts well. The
correlation between our model forecast and the survey forecast is equal to 0.88 and 0.92 for
the one-year and the average ten-year forecast, respectively. The results from an ordinary
least squares (OLS) regression of the survey forecast on our forecasts can be found in the
Appendix.
Insert Figures 5 and 6
Another observation to be made from Table 2 is that the standard Taylor rule in terms
of observable variables does not hold for the real interest rate process. Both coeﬃcients on
inﬂation and inﬂation central tendency (γπ and γπ∗) are statistically signiﬁcant at a 5% level.
In order to gain some intuition into the implicit short-term rule for the real interest rate we
re-arrange equation (3) as follows:
used a markedly diﬀerent methodology, we obtain remarkably similar long-run inﬂation forecasts to the ones
reported by Kozicki and Tinsley. Compare our Figure 3 with their Figure 6, panel B, p. 643. Also, we ﬁnd
that their survey on long-run inﬂation expectations collected from market participants are remarkably close
to our estimated long-run inﬂation expectation. This corroborates even more our interpretation of central





























      
central bank short-term target
.
Within this framework, we can interpret ρ∗
s as the time-variable short-run target level for the
real interest rate of the central banker. Based on the estimates reported in Table 2, this rule
can be written as (see also Figure 3):
ρ∗
s =0 .00005 − 0.037y(t) − 0.869π(t) − 0.171y∗ (t)+0 .979π∗ (t).
The above rule shows the importance of both the observed level of inﬂation and of the devia-
tion from its central tendency. This rule can also be interpreted in terms of the responsiveness
to deviations of actual output gap and inﬂation from its central tendencies and to the central
tendencies themselves. As such, the implied short-run target becomes:
ρ∗
s =0 .00005 + 0.037(y∗ (t) − y(t)) + 0.869(π∗ (t) − π(t)) − 0.209y∗ (t)+0 .109π∗ (t).
Finally, there is the third feature of the real interest rate rule, which is related to the interest
rate smoothing, i.e. to the mean reversion properties of the real interest rate to its target. We
ﬁnd, surprisingly, a very strong mean reversion for the real interest rate, i.e. ah i g hv a l u ef o r
κρρ. The halving time of the deviation is less than three months. The extremely low halving
time suggests that this policy reaction factor exerts more inﬂuence on the short end of the
term structure than on the long end. In other words, the policy reaction factor represents a
slope factor and not a level factor for the term structure. This is in line with the conjecture
of Knez et al. (1994), Evans and Marshall (1998)a n dW u( 2000) that this policy reaction
factor is intimately related to the slope of the yield curve.
Dewachter et al. (2002) shows how the above model can be used to derive monetary policy
implications. They propose a benchmark against which the eﬀects of ECB monetary policy
on the German bond market can be evaluated.
4.3.2 Term structure ﬁt and risk premia decomposition
We analyze now the performance of the model in ﬁtting the term structure of interest rates
and the inﬂu e n c eo fe a c hf a c t o ri nt h eo v e r a l lﬁt. As can be seen from Figure 7, the model is
able to ﬁt the term structure rather well, especially for long-run maturities. The yield curve
is aﬃne in the state space vector and the loadings for the various maturities with respect to
each factors can be seen in Figures 8 to 10. In contrast with the multi-factor latent factors
literature, we do not ﬁnd evidence in favor of the standard level eﬀect. Instead, we ﬁnd
16a clear division between observable and non-observable (latent) factors. While observable
factors almost exclusively exert their eﬀects on the short end of the yield curve (Figure
9), latent factors aﬀect the whole term structure signiﬁcantly (except, by construction, for
the very short run, see Figure 10). According to the factor loading estimates, yields with
maturities over six months seem to be mainly responsive to changes in the central tendencies
of inﬂation and output (note that observable inﬂation and output themselves only play a
marginal role here). Since these central tendencies correspond to the long-run expectations
(by construction), we can conclude from this that the longer end of the yield curve is mainly
sensitive to long-run inﬂation and output forecasts. These forecasts, however, have diﬀerent
eﬀects on the yield curve. Inﬂation forecasts have almost identical eﬀects across the yield
curve, i.e. they constitute more of a level factor, while output forecasts exhibit a strong
hump-shaped eﬀect, aﬀecting most strongly the intermediate maturities (from 6 months to
about 2 to 3 years). For short-term maturities, and by deﬁnition, observable inﬂation and
the real interest rate latent factor take over. The sensitivities of these variables decay quite
fast with the time to maturity of the bond such that these factors can clearly be linked to the
slope (spread) of the yield curve. While the estimated parameters turn out to be diﬀerent
over diﬀerent subsamples (i.e. with a break point during the Volker period), the qualitative
features of the factors remain the same (ﬁgures available upon request).
Insert Figures 7 to 10
While observable macroeconomic variables do not constitute the major source in the
dynamics of the yield curve itself, as can be inferred from the factor loadings, they still
count as an important source of variation in the risk premia. As can be seen from Figure
11, risk premia for all maturities are volatile. Although the constant risk premia parameters
(λy,λπ,λρ) are not statistically signiﬁcant, all time-varying risk premia parameters (Ξ) are
individually highly signiﬁcant. As such, time variability of risk premia adds statistically in
modeling the term structure. Decomposing the risk premia into its diﬀerent components, i.e.
the risk premia related to the output gap, inﬂation, etc., shows that only the central tendency
of output gap plays a minor role as a source of variation in the risk premia. Note that while
each single component is in itself large, they often counterbalance each other, resulting in
quite reasonable total risk premia. The combined risk premium relative to inﬂation and
inﬂation central tendency is on average around 35 basis points, which is reasonably close to
the estimates reported by Buraschi and Jiltsov (2001) for a similar sample period.
Insert Figure 11
174.4 Variance decomposition
By construction, the Wiener shocks dWi (t),i=1 ,...,n, represent structural shocks related
to each one of the factors in the model. Therefore, we can perform a meaningful variance
decomposition on these shocks. The variance decomposition serves the purpose of ﬁnding out
what type of shock is most important in moving the yield curve.
A general variance decomposition of yield curve changes over a horizon h can be performed
by decomposing the variance-covariance matrix into the responses to each of the diﬀerent
shocks. Deﬁning a yield curve shock by ∆hˆ y(t)≡ ˆ y(t + h) − ˆ y(t), it can be shown that the
variance-covariance matrix of these shocks takes the form:
Et
  
∆hˆ y(t) − Et
 
∆hˆ y(t)
   
∆hˆ y(t) − Et
 
∆hˆ y(t)











The volatility over a given discrete time window of length h of a speciﬁc yield curve maturity
can be decomposed into the contributions of each of the orthogonal shocks. More speciﬁcally,






  n  
k=1
Bk (i)(exp(K(s − h)))k,j
 2
ds. (19)
Table 4 presents the steady state variance decomposition for diﬀerent horizons of the yield
curve in terms of the ﬁve possible structural shocks. The estimates suggest that the variability
across the yield curve is basically explained by three types of shocks: shocks to the real interest
rate and to the central tendencies of output gap and inﬂation. Actual output gap and observed
inﬂation series explain at most 6% of the variability of yield curve movements. Also, we ﬁnd
as t r o n gd i s t i n c t i o nb e t w e e nt h et y p e so fs h o c k sa ﬀecting the short end and the longer end
of the yield curve. The shorter end (say maturities up to two years) is dominated by both
the central tendency of output and real interest rate shocks, with a strong emphasis on the
former type of shock. The variability in the longer end of the yield curve, in contrast, is
mainly determined by the long-run inﬂation tendency.
4.5 Forecast evaluation
Next to the cross-sectional issues relating the macroeconomy to the term structure, we analyze
the forecasting performance of the structural model at various horizons. We compare the
18Table 4: Yield curve variance decomposition at diﬀerent horizons in the steady
state
in % y πρy∗ π∗ total
time horizon: h = dt
yield1q 5.270 1.764 28.413 52.454 12.100 100.00
yield2q 6.265 0.702 8.081 67.300 17.652 100.00
yield1yr 5.383 0.213 2.308 69.013 23.082 100.00
yield2yr 3.274 0.018 0.762 63.514 32.432 100.00
yield5yr 0.663 0.016 0.211 42.511 56.599 100.00
yield10yr 0.189 0.007 0.077 19.898 79.828 100.00
time horizon: h =1year
yield1q 5.872 1.209 18.024 57.719 17.177 100.00
yield2q 6.031 0.438 4.830 67.431 21.270 100.00
yield1yr 4.876 0.117 1.426 67.392 26.189 100.00
yield2yr 2.805 0.005 0.505 61.162 35.524 100.00
yield5yr 0.506 0.027 0.146 39.903 59.418 100.00
yield10yr 0.139 0.011 0.051 18.252 81.547 100.00
forecasting behavior of the model against three alternatives: the random walk model, an
AR(1) model and a VAR(1) representation (in output gap, inﬂation and the three-month
interest rate). First, we test the forecasting performance for both output and inﬂation. We
adopt the root mean square error (RMSE) as the measure of performance. Figure 12 shows the
ratio between the RMSE of the model and each of the three alternatives against the prediction
horizon (in quarters). We thus analyze the forecasting performance for horizons from one
quarter up to ﬁve years. The top-left panel of the ﬁgure shows the predictive performance
for the output gap and the top-right panel for inﬂation. The results indicate that the model
has some predictive power. That is, the alternative of no predictive power, the random walk
model, is clearly outperformed by our model with reductions in the RMSE up to almost 50%
for output and about 10 to 15% for inﬂation. Also, as long as the forecasting horizon is
within a reasonable range, the model performs better than standard AR(1) representations
for both the output gap and inﬂation. Against a VAR(1) representation, the model performs
marginally better in predicting output gap for forecasting horizons above 1 year but performs
consistently worse in predicting inﬂation.
Insert Figure 12
We also analyze the forecast performance for future yield curve evolutions. Here we take
as a relevant benchmark the random walk model as it has been shown in the literature that
this alternative typically outperforms the predictions based on latent multi-factor models.
Figure 12 (lower-left panel) presents the RMSE ratio of the model relative to the random
19walk predictions. As can be seen from this ﬁgure, for short-term predictions we face the
same diﬃculties in outperforming the random walk model as standard multi-factor models.
Note, however, that alternative representations including macro variables (as in Ang and
Piazzesi (2002)) also report this prediction failure at short horizons. Nevertheless, for longer
prediction horizons, depending as well on the maturity being predicted, the model starts to
outperform the random walk model. Finally, if we take the forecast performance of the latent
three factor Vasicek model as a benchmark, one can see that our model outperforms this
benchmark especially between the prediction horizon of 2 quarters to 3 years (Figure 13).
Insert Figure 13
205 Conclusions
In this paper, we present a methodology to estimate a continuous time model of the term
structure that incorporates both observable and unobservable factors. In contrast to extant
models, however, each of the latent factors has a clear macroeconomic interpretation. As such,
it is well suited to tackle questions related to the interrelations between ﬁnancial markets and
the macroeconomy.
We use the model to estimate an interest rate policy rule that is based on the entire term
structure of interest rates. We ﬁnd that the standard feedback rule in observed inﬂation
and output is not retained as a valid description of the bond markets. Observed inﬂation
and output typically do not have the dynamic properties required to ﬁtt h el o n ge n do ft h e
term structure of interest rates. Instead, we ﬁnd evidence in favor of a diﬀerent type of
short-term real interest rate rule, where the central banker reacts both to the unobservable
central tendency of inﬂa t i o na n dt ot h eg a pb e t w e e no b s e r v e di n ﬂation and its unobserved
central tendency. In particular, movements of interest rates are basically one-to-one with
the unobserved central tendency of inﬂation, which in turn can be interpreted as a long-run
inﬂation forecast.
The results also show that the variability across the yield curve is mostly explained by
three types of shocks. Shocks to the central tendency of output gap and to the real interest
rate explain most of the variability at the short end of the term structure. The variability
at the long end of the yield curve is mostly explained by shocks to the central tendency of
inﬂation. The model also proves to have forecasting power. For the output gap, the model
in general outperforms the random walk model, an AR(1) model, and a VAR(1) representa-
tion. The results regarding inﬂation predictions are less optimistic. The model outperforms
the random walk and the AR(1) model for horizons up to four and two years, respectively,
but is consistently outperformed by the VAR(1) representation. Regarding term structure
predictions, the model starts to outperform the random walk model for horizons above one
year and a half, depending on the maturity. Note that our model is not a purely statistical
model, being built up from meaningful economic factors. The model also does, in general, a
better job in predicting the term structure when compared with a latent Vasicek model.
Obviously, a number of caveats needs to be taken into account. First, our model represents
an economy with perfect ﬁnancial markets. That is, we have assumed complete markets
from the start. Moreover, we have assumed that the prices of risk are captured within the
framework of essentially aﬃne models. Both these assumptions may oversimplify reality and
may aﬀect the estimated interest rate policy rules. They obviously also set out a research
agenda. For instance, an interesting extension of this model is to consider a broader class
of models (e.g. the class of quadratic term structure models presented in Ahn, Dittmar and
Gallant (2002)), or to consider more complex dynamic structures for the macroeconomy.
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24Appendix: Inﬂation forecasting
In this appendix, we present the results from OLS regressions of the inﬂation forecasts pro-
vided by the Survey of Professional Forecasters on the forecasts computed based on our model
and a constant. The results are reported in Table A1. The ﬁrst column shows the results for
the one-year ahead inﬂation forecast and the second column for the average rate of inﬂation
for the next ten years. The model forecast for each period is computed using equation (16)
iteratively.
Table A1: Inﬂation forecast regressions











Figure 1: Data on output gap, inﬂation, and the term structure of interest rates (1958:Q1-1998:Q4).
26Figure 2: Term structure ﬁt of discrete time model.
27Figure 3: Macro-variables and their estimated central tendencies.
28Figure 4: Model ﬁt (model errors) of output gap, inﬂation, and real interest rate.
29Figure 5: Comparison of average 1-year inﬂation forecast - Model vs. Survey of Professional Forecasters.
30Figure 6: Comparison of average 10-year inﬂation forecast - Model vs. Survey of Professional Forecasters
31Figure 7: Model ﬁt (model errors) of the term structure of interest rates.
32Figure 8: Estimated constant factor loading (1958-1998)
33Figure 9: Estimated factor loadings - Factors 1 to 3 (1958-1998).
34Figure 10: Estimated factor loadings - Factors 4 and 5 (1958-1998).
35Figure 11: Factor decomposition of risk premium.
36Figure 12: Forecasting performance of the model relative to the random walk, AR(1) and VAR(1).
37Figure 13: Forecasting performance of the model relative to the latent factor model.
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